The maximum amount of usable work extractable from a given radiative heat flow defines the exergy. It was recently noted that the exergy in near-field radiative heat transfer can exceed that in the far-field. Here, we derive a closed form formula of exergy in the near-field heat transfer between two parallel surfaces. This formula reveals that, for a given resonant frequency, the maximum exergy depends critically on the resonant linewidth, and there exists an optimal choice of the linewidth that maximizes the exergy. Guided by the analytical result, we show numerically that with a proper choice of doping concentration, the heat flow between two properly designed SiC-coated heavily doped silicon regions can possess exergy that is significantly higher compared to the heat flow between two SiC regions where the heat flow is carried out by phonon-polaritons. Our work indicates significant opportunities for either controlling material properties or enhancing the fundamental potential for near-field heat transfer in thermal energy conversion through the approach of meta-material engineering. Published by AIP Publishing. https://doi
I. INTRODUCTION
Radiative heat flow carries both energy and entropy. As a result, the maximum amount of usable work extractable from a given radiative heat flow, which defines the exergy, is less than the energy carried by the heat flow. The ratio between the exergy and the energy carried by the heat flow defines the maximum efficiency at which the heat flow can be converted into work. In the far-field regime of radiative heat transfer, the analysis of exergy has led to the establishment of the Landsberg limit, 1 which plays a major role in the understanding of the theoretical limit for the efficiency of thermal energy conversion. [2] [3] [4] In the near-field regime, there have been several recent analyses of the exergy contained in near-field heat flow. [5] [6] [7] In particular, in Refs. 6 and 7, it was shown that both the exergy in the near-field heat flow and the maximum efficiency through which the heat flow can be converted into work can exceed those in the far-field heat transfer. References 6 and 7 therefore pointed to an important fundamental opportunity that near-field heat transfer can play a role in thermal energy harvesting [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] in addition to the enhancement of heat flow. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] Reference 6 provided analytical results for both the exergy and the maximum conversion efficiency for the nearfield heat flow between two materials having a photonpolariton response. In these systems, the near-field heat transfer has a narrow spectrum centered at a resonant frequency x 0 . Reference 6 has shown that having such a narrow spectrum is important in order to have a high efficiency beyond the Landsberg limit. Also, as the resonant frequency x 0 increases, the maximum efficiency increases but the heat flow decreases. On the other hand, in addition to efficiency considerations, it is also important to achieve the maximum exergy that can possibly be obtained. Also, as a significant opportunity, with the development of meta-materials, 39, 40 and with the use of materials such as heavily doped silicon, 41 one now in principle has significant control over both the resonant frequency and the linewidth c of the resonance in the near-field heat transfer. It is therefore of interest to provide a more systematic study on the dependency of the exergy on various system parameters.
In this paper, building upon our previous work in Ref. 42 , we provide a simpler closed-form formula of exergy in the near-field heat transfer. This formula reveals that, for a given resonant frequency x 0 , the maximum efficiency is largely independent of the resonant linewidth c. On the other hand, the maximum exergy itself depends critically on the resonant linewidth c, and there exists an optimal choice of the linewidth c that maximizes the exergy. Guided by the analytical result, we show numerically that with a proper choice of doping concentration of heavily doped silicon and the use of SiC films, thermal bodies can have parameters that approach such optima, and as a result, the heat flow between two properly designed SiC-coated heavily doped silicon regions can possess exergy that is significantly higher compared to a typical phonon-polariton system with similar resonant frequencies. Our work provides significant opportunities for either controlling material or meta-material properties or enhancing the fundamental potential for near-field heat transfer in thermal energy conversion.
II. ANALYTICAL STUDIES OF EXERGY

A. Device geometry
We consider a geometry consisting of parallel plates separated by a vacuum gap size d, as shown in Fig. 1 We assume that each plate has its permittivity described by the Drude model,
where e 1 and x p are the permittivity at infinite frequency and the plasma frequency, respectively. In this geometry, when we are in the near-field regime and the gap size is smaller than the characteristic thermal wavelength, the p-polarized evanescent waves dominantly contribute to the heat transfer due to the existence of plasmon or phonon polariton excitations in this polarization. Consequently, the net energy flux U and the entropy flux W transferred from one plate to the other are given by
where
with i ¼ 1; 2 labelling the two plates. Here, É and k B are the reduced Planck constant and the Boltzmann constant, respectively. n x; T ð Þ and Fðx; TÞ denote the number of photons and the entropy, respectively, in a single optical mode with a frequency x maintained at a temperature T, and they have the following forms:
b and r x; b ð Þ are the lateral wavenumber and the corresponding Fresnel reflection coefficient of the p-polarized evanescent waves at the vacuum-plate interface. The normal wavenumber in the vacuum has the form of j 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
Þ, where k 0 is the free space wavenumber. We have ignored the contributions from the s-polarization and consider only the evanescent wave. This approximation is well justified in the near-field regime for this system. The exergy and the conversion efficiency in the system of Fig. 1 are defined as
B. Analytical derivation of optimum exergy and material response
The exergy and maximum efficiency of the system in Fig. 1 can be evaluated by numerical integration of the formulas presented in Sec. II A. On the other hand, in order to gain a deeper insight into how various parameters can be controlled to optimize the exergy and maximum efficiency, it is desirable to have a simpler analytical formula. In this section, we derive an analytical form of the exergy for the system in Fig. 1 , building upon some of our previous works in Ref. 42 . In the lossless case, the surface resonance frequency is given by
In the near-field heat transfer between parallel plates, the heat transfer via p-polarized evanescent waves is sharply peaked at the surface resonance x 0 . This property is used in Ref. 42 to arrive at a closed form formula. In Ref. 42 , in order to evaluate the integrals in Eq. (4), a contour integration is first carried out in the complex x plane. The resulting expression contains contributions from poles that correspond to the surface polariton resonances in the parallel-plate structure. Then, the b integration is carried out where one introduces a cut-off wavenumber. As a result, the energy flux of Eq. (4) is approximately expressed by the closed form formula
Likewise, we apply the derivation process in Ref. 42 to the entropy flux of Eq. (5) and now have the closed form formula of the entropy flux as
Substituting Eqs. (11) and (13) into Eq. (8) and using the formulas for n x; T ð Þand F x; T ð Þin Eqs. (6) and (7), we have
FIG. 1. Geometry of parallel plates with temperatures T 1 and T 2 T 1 > T 2 ð Þ for obtaining exergy in the near-field heat transfer process. U and W denote the energy and entropy flow, respectively.
The results here enable us to analytically study the dependencies of exergy on the parameters e 1 , x p , and c of the Drude model in Eq. (1) . Optimizing the exergy W with respect to the linewidth c, the condition
where (16) indicates the existence of an optimum choice of the linewidth of a material for maximizing the exergy. With this choice of c, we observe that the imaginary part of the permittivity at resonance is Im e x 0 ð Þ ½ ¼
We will use this observation in the numerical design of systems that optimize the exergy. The prefactor r in Eq. (14) for the maximum W is written as
As a result, we obtain the closed form of the optimized exergy for the system in Fig. 1 from Eqs. (14) and (17) as
where to maximize the exergy W, x 0 satisfies
Optimizing W with respect to e 1 , we see that W is maximized with e 1 ¼ 1. Substituting e 1 ¼ 1 into Eq. (18), the maximum W is obtained as
With these analytical results, one can determine the optimal material parameters that maximize the exergy, when the temperatures T 1 and T 2 of the two plates, as well as the distance d between the two plates, are given. On the other hand, substituting Eqs. (11) and (13) into Eq. (9), the conversion efficiency into work from the heat flow in such a parallel plate system is given by
We note that the efficiency of Eq. (21) 
III. RESULTS
Motivated by the analytical results in Sec. II, in this section, we present several numerical studies. We first present a numerical validation of the analytical formulas shown above and discuss how various parameters influence the magnitude of exergy. Using the analytical results as the guidance, we then show that the exergy in the near-field heat transfer between two heavily doped silicon regions can be optimized by controlling the doping level. Moreover, by placing a thin film of SiC on top of the heavily doped region, we can obtain significant further enhancement of the exergy. Throughout this section, unless otherwise mentioned, we use temperatures T 1 ¼ 400 K and T 2 ¼ 300 K of the two bodies and a d ¼ 10 nm distance as the size of the vacuum gap between the parallel surfaces. We use material permittivities of silicon and SiC at room temperature since there is little temperature-dependence of permittivities of silicon 43 and SiC 44, 45 in the temperature range of our investigation.
The optimum frequency x 0 for maximizing the exergy is only dependent on temperatures T 1 and T 2 , as seen in Eq. (19) . Figure 2 shows the behavior of x 0 as a function of T 1 with T 2 ¼ 300K fixed. We see that the frequency x 0 monotonically increases with T 1 . The analytical result (blue solid line) obtained from Eq. (19) reasonably agrees with the frequencies when the exergy is maximized with variations of x 0 , c, and e 1 in the fluctuational electrodynamics results (blue circles) obtained by evaluating Eqs. (1)- (8) numerically. The conditions for maximizing the exergy have similarities and differences as compared with the conditions for maximizing energy. The optimal frequencies for maximizing the exergy (blue solid line) and the energy (green dashed line) are different, as seen in the comparison of the two lines in Fig. 2 , where the optimal frequency for maximizing the energy is given by replacing W s x 0 ; T 1 ; T 2 ð Þ with Éx 0 n x 0 ; T 1 ð ÞÀ n x 0 ; T 2 ð Þ ½ in Eq. (19) . On the other hand, the conditions of e 1 ¼ 1 and c ¼ x 0 =4, which are associated with the prefactor r in Eqs. (14) and (17), are the same for maximizing both the exergy and the energy. Figures 3(a) and 3(b) show the dependencies of exergy W on x 0 , c, and e 1 . We consider two cases of e 1 ¼ 11:7 and e 1 ¼ 1. Each case has its optimum parameters of x 0 and c as provided in the caption of Fig. 3 . In Fig. 3(a) , we keep c fixed at the optimal values and vary x 0 . In Fig. 3(b) , we keep x 0 fixed at the optimal value and vary c. In both cases, the numerical results from direct the fluctuational electrodynamics equation agree quite well with the analytical results of Eqs. (18) and (20) .
From Eq. (15), we see that the exergy W s of a single optical mode decreases with the increasing frequency x 0 .
[Note that the photon number n x 0 ; T ð Þ decreases with x 0 .] On the other hand, the prefactor r [Eq. (17)], which provides a measure of an effective number of modes that contribute to the heat transfer, increases linearly with x 0 . The two competing trends of W s and r result in an optimal of x 0 that maximizes the exergy in Fig. 3(a) . In the dependency of W on c in Fig. 3(b) , W is maximized when the material permittivity has Im e x 0 ð Þ ½ ¼ 0:5. Regarding the dependency on e 1 , W is reduced as e 1 increases from unity in Figs. 3(a) and  3(b) , as can be seen in Eq. (18) .
Guided by the discussions above on how various parameters control the magnitude of exergy, we now present a design study of geometries with the aim of maximizing exergy. In general, aside from choosing a different material, it is difficult to strongly influence e 1 , and therefore, we focus primarily on the mechanism that influences the resonant frequency x 0 and linewidth c. As a first example, we choose heavily doped silicon 41 since in the wavelength range, its dielectric function can be strongly tuned by changing the carrier concentration. In Fig. 4(a) , we plot the exergy W in this system as a function of the doping concentration N d , taking the permittivity from Ref. 41 , where x p and c are determined from N d with e 1 ¼ 11:7 fixed, using both the analytical formula of Eq. (18) As noted in the discussions in Sec. II, to maximize the exergy, one needs to simultaneously control both parameters x 0 and c. For the heavily doped silicon, we have only a single control parameter that is the doping concentration N d . Using heavily doped silicon alone therefore, we do not have enough degree of freedom to approach the theoretical maximum of exergy. To see this, we plot x 0 and Im e x 0 ð Þ ½ ¼ is far from the optimal rate of c ¼ 4:8 Â 10 12 rad=s. As an alternative indication, the imaginary part of the permittivity of doped silicon is far larger than the optimum value of Im e x 0 ð Þ ½ ¼ 0:5, as shown in Fig. 4(c) . For the purpose of maximizing exergy, the material loss of heavily doped silicon is too large.
Based on the above analysis, one strategy to further maximize the exergy is to combine heavily doped silicon with another material that has lower loss. To implement this strategy, we consider SiC, a typical phonon-polariton material, which has a permittivity of e x ð Þ ¼ e 1 27 . At its surface phonon-polariton frequency, SiC has a permittivity with an imaginary part of Im e x 0 ð Þ ½ % 0:13 that is less than 0.5. By combining heavily doped silicon with SiC then, we expect that the exergy can further increase. We therefore consider the system shown in Fig. 5(a) Figure 6 shows the exergy of the SiC-coated doped silicon system as a function of the thickness t of the SiC film. The exergy is 1.5 times and 2 times larger as compared to the doped silicon plate system (t ¼ 0) and the SiC plate system (indicated at the right-hand side of Fig. 6 which corresponds to the t ! 1 limit), respectively. The exergy slowly varies as a function of coating thickness. The enhancement effect here is therefore robust with respect to the variation in the layer thickness of SiC. At the optimal SiC thickness, the numerically calculated exergy is about 0:39 Â 
where r ij is the Fresnel reflection coefficient of the ppolarized evanescent wave at the interface between i and j media and i ¼ 0; 1, or 3 labels the vacuum, the SiC film, and the doped silicon plate. j 1 denotes the normal wavenumber in the SiC film. At the optimal SiC thickness, both SiC and heavily doped silicon contribute significantly to the heat transfer. In Fig. 7(a) , we plot the normalized exchange function 
IV. CONCLUSIONS
We have provided conditions for achieving maximal exergy in the near-field heat transfer between planar bodies. A closed-form formula of exergy allowed us to derive the conditions of parameters of the system for maximizing the exergy. These conditions, in particular, indicate that there exists an optimal choice of the resonant linewidth c. The analytical formulas of exergy and the optimal conditions were verified by the fluctuational electrodynamics calculations. We also show that the theoretical conditions can be used to guide the design of practical structures for maximizing exergy. In particular, in the heavily doped silicon system, we have shown that the exergy can be enhanced by tuning the doping concentration. In addition, by considering a combined system where a thin SiC layer is placed on top of heavily doped silicon, significant further enhancement of the exergy can be obtained, comparing with a typical phononpolariton system with similar resonant frequencies, since the combined system has a loss characteristic that is closer to the optimal condition. Our results provide a fundamental understanding and design guideline for maximizing the exergy in heat transfer on the nanoscale and point to significant opportunities for either controlling material or meta-material properties or enhancing the performance of thermal energy conversion.
